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Abstract. One way of expressing the self-duality A = Honi(yl, C) of Abelian 
groups is that their character tables are self-transpose (in a suitable ordering). 
In this paper we extend the duality to some noncommutative groups considering 
when the character table of a finite group is close to being the transpose of the 
character table for some other group. We find that groups dual to each other 
have dual normal subgroup lattices. We show that our concept of duality cannot 
- work for non-nilpotent groups and we describe p-group examples. 
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^ ■ 1. Introduction 

<D ■ 

^ ' Conjugacy classes and irreducible characters of finite groups can be considered 

"dual" in many ways. Multiplicative structures defined on them have similar prop- 
erties connected to the fact that in the character table they satisfy similar orthog- 
. onality relations. The number theoretical properties of the sizes of the classes and 

O: the degrees of the irreducible characters imply similar consequences. See for exam- 

r-| I pie the survey articles [Lew 08] and [CCll] which have a few such comparisons. For 

■ a direct duality see Propositions 13.51 and 13.61 in this paper. There are differences, 

however, as the following illustrate. (In the graphs referred to here a,b > 1 are 
connected if (a, 6) > 1.) 
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O ■ solvable 
OO 
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Theorem 1.1 ( [BCLPOTj ). // the character degree graph is complete then G is 
solvable. 

Theorem 1.2 ( [FA87j ). If the group is nonabelian simple then the conjugacy class 
size graph is complete. 



The character table provides a duality between the columns and the rows, but 
in general this does not extend to a duality of one group to another group. In this 
paper we explore when there is a direct way of defining the dual group of a group. 

One obvious case is when the transpose of a character table M is itself a character 
table. The trivial conjugacy class is the only column of the character table con- 
sisting of all positive integers, and hence must correspond in the transpose to the 
trivial character which is always a row of ones. This then implies that all character 
degrees are one which is only true for Abelian groups. In fact, Abelian groups are 
Z- modules and for Z- modules there is a concept of duality M H- M* = Hom(M, C). 
That M = M* follows from the structure of finite Abelian groups. A main moti- 
vation for this paper is to generalize this. 

One way to extend the notion of duality to non-Abelian groups is the following. 

Definition 1.3. We say that a group G with character table X is transposable 
if there exist non-negative diagonal integer matrices D and N such that X = 
[D~^XN)^ is the character table of some group G"^. We also say that G^ is a 
transpose group of G. 
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Remark 1.4. In our definition we stipulated that the matrices D and N must be 
matrices of non-negative integers. It is clear that it is sufficient to consider such 
matrices. In fact, D is the diagonal matrix consisting of the character degrees of 
G, and is of the degrees of . 

With this definition we find that, although G^ is not unique, its character table 
is. We also show that duality of G and G^ imply that their normal subgroup lattices 
are dual to each other, this is another similarity to the behaviour of dual modules. 
Within this duality the members of the lower central series of G correspond to the 
members of the upper central series of G^ and vice versa. 

We prove that our definition can only work for nilpotent groups and is inherited 
by direct products and direct factors. So only p-groups need be considered. 

In the final section we give some examples of non-Abelian transposable p-groups. 

Note that this concept was first outlined by Eiitchi Bannai |Ban93j motivated 
by group association schemes and fusion algebras. His notation and approach 
is much different from ours. He defined self-duality for groups and investigated 
groups of order 64. Subsequently, examples of self-dual groups were found by Ak- 
ihide Hanaki and the third author [H097j . and some more examples by Akihide 
Hanaki [Han97j . The first was motivated by the Suzuki 2-groups of Graham Hig- 
man, whose character tables have also been studied by Jeffrey M. Riedl [Rie99j 
and I. A. Sagirov |Sag03 . 



2. Basic Results 

Of immediate concern are the possible values for the new character degrees. Per- 
haps unsurprisingly, they are unique and given by the square roots of the conjugacy 
class sizes. This result is inherent in |Ban93j . 

Proposition 2.1. Let X be the character table of a finite group G. Let D be the 

diagonal matrix with the character degrees of G along the diagonal (in the same 
order as they appear in X). Let N be an arbitrary diagonal matrix such that 
X = (D^^XN)'^ = NX'^D^^ is the character table of some group G^ . Then N'^ 
is the diagonal matrix with entries equal to the conjugacy class sizes of G (in the 
same order as they appear in X). 

Proof. If X is the character table of some group then it must satisfy the orthogo- 
nality relations, in particular column orthogonality. The columns of X are indexed 
by irreducible characters of G, and the rows by its conjugacy classes. We indicate 
by di the new character degrees i.e., the diagonal entries of A^, and by Qi a repre- 
sentative of the ith conjugacy class of G (as indexed by X). Assume that gi is the 
identity element, hence di = 1, and denote by 1g the trivial character of G. Let n 
be the number of irreducible characters of G. 

The new character table X has c^i^y in row i, column x- Column orthogonality 

of X implies that for x 

which constrains the possible values for the di. Letting k^ = df., we obtain a system 
of — 1 linear equations in n — 1 unknowns. From the row orthogonality relations 
for X we know that = [(/f | is a solution. Since the equations are simply n — 1 
of the rows of X they are linearly independent, and so the solution is unique. □ 
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Corollary 2.2. If a finite group G is transposable, /C a conjugacy class ofG, x E K. 

and X G Irr(G') then ^^^j^^'^^ is an algebraic integer, in particular the conjugacy 
classes of G must all have square size. 

Proof. The expression ^jj^ — is a character table entry for the transpose group 
G^, so it must be an algebraic integer. □ 

Very little seems to be known about groups with only square conjugacy class 
sizes. 

It is often convenient to define the normalized character table of G to be the 
character table with the rows divided by the character degrees. So G and G^ 
are transposes of each other if and only if their normalized character tables are 

transposes of each other. 

It is easy to see that transposability is closed under direct products, and in fact 
it is determined entirely by the direct factors. 

Proposition 2.3. Suppose that M is the character table of a group G and factors 
as the Kronecker product of two matrices X and Y such that each first row of X 
and Y consists of ones and each first column of positive integers. Then G is as a 
non-trivial direct product of groups having character tables X and Y. 

Proof. By assumption of the structure of M, we have character degrees = {X)i^i, 
bi — {Y)i^i such that ai — bi — 1, 
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Note that the upper left block is the matrix Y, and the upper left entries of each 
block form the matrix X. 

Let A be the subset of conjugacy classes consisting of the first column of blocks. 
Also, let A be the subset of rows consisting of the first row of each block as marked. 
We claim that the intersection of the kernels of these characters 

N = Pi ker X = ker ^ X 

is the normal subgroup containing exactly the conjugacy classes in A. 

It is clear that N A, since when restricted to A the characters arc all integer 
multiples of the trivial character. Suppose N ^ A., then some column of M outside 
of A is such that the first entry in the ith block is given by bi for all i. Since these 
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entries are 1 ■ bij it must be that 6jj = bi for j > 1 and all i. This is impossible 
since the columns of M are linearly independent and hence the columns of X must 
be as well. Thus N = A. 

Likewise, let B be the first block of rows and B the first column in each block. 
The intersection of kernels H = flxG-B X = ker ©^^g^ X corresponds to the 
subset B of conjugacy classes. In particular and H are normal subgroups with 
trivial intersection. 

To find the character table of G/N take the submatrix of characters with kernel 
containing N and delete duplicate columns. Since the first row of Y is all ones, this 
submatrix will be the Kronecker product [1,1,...] ® X. Once duplicate columns 
are removed it will be exactly X, and in the same way the character table for G/H 
is Y. 

Now \G:H\ = \G/H\ = Y^i^l and \G : N\ = \G/N\ = ^ . fef so 



\NH\ = \N\ \H\ 



\G\ \G\ 



\G/N\ \G/H\ 

\Gf \Gf 



\Gf 



2 



IGI 



\G\. 



Finally, G = N x H since N and H are normal in G, they have trivial intersection, 
and G = NH. □ 

Corollary 2.4. If G x H is transposable then so are G and H. 

Proof. Let M be the character table oi Gx H written a.s M = X®Y where X and 
Y are the character tables of G and H respectively. Then the (matrix) transpose of 
M is X^ ® Y'^ and by assumption is a character table of some group F after proper 
multiplication and division of character degrees. It is clear that this multiplication 
splits across the product so that, by Proposition 12.31 T = GqX Hq for some groups 
Go, Hq. After appropriate multiplication, X'^ is the character table of Gq and Y'^ 
is that of Hq. That is, G and H are transposable. □ 

It is well known (see e.g., |Isa76l Exercise 3.9]) that the character table deter- 
mines multiplication of both characters and conjugacy classes. To be more precise, 
if ICi is a conjugacy classes and /Cj its class sum, then class multiplication is 



V 

for non-negative integers a^^ which can be calculated by 



a. 











G 





X{9i)x{9j)x{9v 



' ' Xelrr(G) ^ 

Recall that the multiplication constants for the product of two irreducible charac- 
ters are 

^ijv = [XiXj, Xu] = T^^^ Xi{9i)Xj{9i)Xu{gi)- 
The following is basically |Ban93t Theorem 3.1] in different terminology. 
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Proposition 2.5. Let G and he transposes of each other. Denote by bjj^, the 
multiplication constants for characters of G^ where the indices are inherited from 
G. Then 

Proof. Consider conjugacy classes /Cj and KLj as characters of G^ and compute the 
coefficients 6^^. Using the correspondence /Cj •<->■ x -^x ^ 

before, we have 

^ l^xl<^i(^x)¥'j(^x)<^^(%) 



Xelrr(G) 



\G\ ^ X(l) X(l) V X(l) 



VTMl^iTW ^ X(a^i)x(a;j)x(a;„ 



1^1 XGlrr(G) ^^^^ 







1^.1 


I^il 






|G| 
a,„„. 



E 



X(a;i)x(a;j)x(a;^) 



Xelrr(G) > 



□ 



3. Normal Subgroup Correspondences 

In this section we shall investigate normal subgroups of transposable groups, in 
particular we establish a correspondence between normal subgroups of G and G^ . 
We start with a simple observation. 

Proposition 3.1. Let G he a transposable group and let A — G'^ /{G'^)' he the 
abelianization of G^ . Then A = Z{G). 

Proof. Recall that the linear characters are precisely those whose kernel contains 
the commutator subgroup. Thus we can calculate the character table of A by 
taking the linear characters of G^ and deleting duplicate columns. There are 
exactly enough duplicate columns to make the table square. 

Clearly the linear characters of correspond to the central classes of G for 
these classes have size 1. Note that the number and size of conjugacy classes do 
not change when we restrict our attention to the character table oi Z = Z{G). 
In order to calculate the character table of Z, take the character table of G and 
divide by the character degrees. Since all the characters of G are homogeneous on 
Z, each row in the resulting table is an irreducible character of Z . 

Next, remove duplicate rows. These will be the same as those columns removed 
when calculating the character table of A. The rows now correspond to distinct 
characters and there are enough to make the table square. Hence the character 
table of Z is the transpose of that of A. Since abelian groups are determined by 
their character tables we have that Z A. □ 

In fact we have nearly proven the following more general result. 

Proposition 3.2. Let G be a transposable group and let N <\ G be such that all 
irreducible characters of G are homogeneous when restricted to N . Further assume 
that there is no fusion in N, i.e., if n-^ = nf for ni,n2 E N, g & G, then g can 



6 



IVAN ANDRUS, PAL HEGEDUS, AND TETSURO OKUYAMA 



be chosen to be in N. Let M be the set of characters of corresponding to the 
conjugacy classes of N. Then the character table of N is the transpose of the 
character table of H = G^/keiAf. 

Proof. The only thing which does not follow immediately from the previous proof 
is that the character degrees of N match the square roots of the conjugacy class 
sizes of H. This follows from the orthogonality relations and the lack of fusion. □ 

While there is no correspondence which preserves (transposes of) character tables 
for all < G, we can generalize the correspondence to all normal subgroups. For 
certain special subgroups, namely the upper and lower central series, we are able 
to retain some structural information. 

Lemma 3.3. Given two normal subgroups Ni,N2 < G let N be the join N = 
NiV N2 = N1N2 in the normal subgroup lattice. It can be determined from the 
character table by taking the union of the conjugacy classes of Ni and N2 and 
finding the set Af of characters whose kernels contain these classes. Then the 
classes in K = keiAf is the join N = N1N2. 

Proof. Clearly the join N1N2 must contain all of the conjugacy classes of both A^i 
and N2 (which K does), and it is the minimal such, which K is by construction. □ 

Proposition 3.4. Let G be a transposable group and G^ one of its transpose 
groups. Then for every normal subgroup N<G, there is a normal subgroup N'^ <\G'^ 
such that \G/N\ = \N^\ (eqmvalently \N\ = \G'^/N'^\). Furthermore (A^iA^2)^ = 
Ni n N2 , so that the lattice of normal subgroups of G is the dual of that of G^ 
including orders of subgroups. 

Proof. Consider some normal subgroup < G as a collection of conjugacy classes. 
It also can be thought of in terms of the set JV of irreducible characters whose 
kernels contain A^. In the transposed character table these concepts are switched: 
the conjugacy classes of correspond to the characters whose kernel make up A^^, 
and the characters defining A^ become the conjugacy classes of A^"^. 

Consider the normalized character table and note that an entry is in the kernel 
of a character if its value is 1. In this way kernel entries are easily seen to remain 
kernel entries after transposition. 

We now determine the orders of A^"^ and G/N. The character table of G/N is 
easily determined from the characters in by removing duplicate columns. In 
particular this leaves the character degrees intact, so that \G/N\ = X^^eAA ^(-'-)^- 
The characters in TV become the conjugacy classes of A^"^ whose order can be 
computed by summing the sizes of its conjugacy classes. But this is simply |A^^| = 
^^g^x(l)^ since the squares of the character degrees in G are the conjugacy class 
sizes in G^ . 

To prove that A^^^ fl A^J = (A^iA'2)'^, observe that conjugacy classes of A^^^ n A^J 
are given by the intersection of the set of characters whose kernels are A^i and N2 
respectively. The intersection of these sets consists of the irreducible characters 
whose kernel contains both A^^i and N2, and it follows from Lemma [3.31 that Nj" fl 



We should not be too surprised by this result since characters give information 
about quotient groups and conjugacy classes about normal subgroups. Thus in- 
terchanging the two concepts might be expected to interchange normal subgroups 
and quotients as well. 




{N,N2f. 



□ 



TRANSPOSABLE CHARACTER TABLES, DUAL GROUPS 



7 



Recall that the lower (descending) and upper (ascending) central series are de- 
fined as 

li{G) = G 7,.(G') = [7i-i(G),G]; 

Zo(G) = 1 Z,(G)/Z,_i(G) = Z(G/Z,_i(G)). 

One way to determine ZiiG) is to locate the conjugacy classes of Zj_i(G) and then 
find conjugacy classes /C such that [/C, G] C Zj_i(G). The following proposition 
gives us a way to do that using only the character table. First define 



\x{.g)\ xih) 



Xelrr(G) ^^^^ 

for g,h E G. 

Proposition 3.5. Let G he a group. For g E G we have 
(2) g G Z,{G) ^ n{g, h) = 0\/h ^ Z,.i{G). 

Proof. By |Isa76t Problem 3.10] n{g, /i) 7^ if and only if h is conjugate to [g,g'] 
for some g' E G. 

If g E Zi{G) then this cannot be satisfied hj h ^ Zi_i{G). 

Conversely, if n{g, h) ^ implies h G then [g, G] C so g E Zi. □ 

We now translate this description into a condition within G^. Let JCg denote 
the G-conjugacy class of g, and ipg the character of G^ which corresponds to this 
class. If X is an irreducible character of G, then K,^ will denote the corresponding 
conjugacy class of G"^, and a representative of this class. With this notation 
(as the normalized character tables are transpose) we have the identity 

xig) _ 



Substituting into n{g , h) in gives 



^ ^.(i)V/.(i) ^ 

and since (y9g(l)^y9/i(l) is constant 

where [ , ] is the usual inner product on characters of G^ . 
Now denote n^{ip,ip) = [iplp,ip]- 

Proposition 3.6. Let G be a group. For if G Irr(G) we have 

(3) keryp D 7i(G) ^ n^(¥^,V^) = OV^,kerV^ ^ Ti-il^). 



\2 



8 



IVAN ANDRUS, PAL HEGEDUS, AND TETSURO OKUYAMA 



Proof. Let U he a module affording ip, so that y?^ is the character of Hom(f/, U). 
We need to prove that the kernel of U contains '~fi{G) if and only if every sim- 
ple submodule of Hom(f/, [/) has kernel containing 7j_i(G), that is if and only if 
Hom(t/, U) has kernel containing 7i-i(G). 

If 'yi{G) C kerf/ then every c G 7j_i(G) is central with respect to the action on 
U. Let fi G Hom(f/, U), and c G 7j_i(G), then we wish to prove that c fixes /i, z.e., 
/xc = /i. Consider the action on a vector m G f/, by definition 

(/ic)(u) = /i(MC~^)c. 

Now, the action of c is central on f/, so it is equivalent to multiplication by a scalar 
A 

= n{u\~^)X 

This is true for every ^ and every u, so that kerHom(?7, U) 3 ■yi_i(G). 

To prove the converse, suppose ker Hom(f/, f/) D 7j_i(G'). This means that for 
c G 7j_i((j) we have /ic = /i, that is 

= {fic){u) = jj,{uc^^)c. 

Then 

for all /i and all u, so the action of c commutes with every /i, hence the action of 
c is central in U. This is true for every c in 7j_i(G'), so the kernel of U contains 
[7i_i(G'), G] = 7i(G') as claimed. □ 

Theorem 3.7. Given a transposable group G, the (abelian) factors Zi{G)/Zi_i{G) 
are isomorphic to 7j((j^)/7j+i(G'"^) for all i. 

Proof. From Propositions 13.51 and 13.61 there is a correspondence between the conju- 
gacy classes of the upper central series of G and the irreducible characters defining 
the lower central series of G^. Due to the special nature of the subgroups involved 
we are able to determine the character tables (and hence isomorphism type) of the 
central series factors, from the character table of G. 

To find the character table of Zi{G)/Zi_i{G), restrict attention to the characters 
of G which contain in their kernel, and the conjugacy classes of Zi{G). 

This corresponds to finding the character table of G/Zi_i{G), and then restricting 
to Zi{G)/Zi_i{G). As in Proposition 13.11 we simply divide by character degrees 
and then remove duplicate columns and duplicate rows to find the character table 
of 

Finding the character table of 7i((j^)/7j+i(G'"^) is done in a completely dual way. 
This time we restrict attention to the conjugacy classes of •ji^G'^), and characters 
whose kernel contains 'ji^i{G'^). These are the same rows as columns before, and 
vice versa. As before, we divide by character degrees and then remove duplicate 
rows and columns, leading to the transpose of the character table of Zi[G)/Zi_i{G). 
Since they are abelian groups, Zi{G) / Zi_i{G) and 7j(G"^)/7j+i(G^) are isomorphic. 

□ 

4. NiLPOTENCY OF TRANSPOSABLE GROUPS 

This section makes use of the theory of p-blocks. We refer the reader to |Isa76] 
for basic definitions and results. 
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Let e be a primitive |G|-th root of unity and R the algebraic integers of Q[£:]. 
Throughout this section we will write a = 6 to mean that a is congruent to h 
modulo some fixed maximal ideal of R containing the fixed prime p. 

Proposition 4.1. Every p-block B of a transposable group G is of full defect. 

Proof. By the definition of defect of a block B, there is x ^ B, and a conjugacy 
class /C (a defect class) such that 

for X G /C. By the definition of transposable groups (and using the correspondence 
}C ^ ipic, and x with E JC^), we have that 



and in particular ^iciX) ^ 0, so that |/C| = <^yc(l)^ ^ 0. Therefore, B has full 
defect. □ 



Proposition 4.2. Let G he transposable. If x ^ Bq(G), the principal block of G 

■xly(^x) = \1C I 

v(i) - I'^xl- 



then for all if G Irr(G^), ^^2Lfe) = |/c^ 



Proof. Let (plTT{B) for a block B of G^ . Since 

V5i(l) ~ V52(l) 

for all and in -B, we may assume that v'(l) ^ by Proposition 14.11 Let if 
correspond to /C, so (pic = ^p- 
Now X £ Bo{G), so for /C 



l/CI 



vMvk{xx) = Vjc{^ 



i2 



SO by ipicil) ^ 1 we get 



= 1. 



From this follows the claimed l^^l^^^^^ = l/Cvl- D 

Corollary 4.3. //G zs transposable and x G Bq{G) with ^ 0, t/ien = 1- 

Proof. Since |/Cj^| = ^ 0, it follows from Proposition 14.21 that = 

^^^ylfi)^^'' ^ ^ X E G. In particular x(l)x(a;) 7^ for all x E G, and so x niust 

be linear by a famous theorem of Burnside |Isa76l 3.15]. □ 

Theorem 4.4 ([ IS76| Corollary 3]). Suppose that every nonlinear irreducible char- 
acter of G in the principal p-block has degree divisible by p. Then, G has a normal 
p-complement, i.e., is p-nilpotent. 

Corollary 4.5. If G is transposable then G is nilpotent. 
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5. Examples of Transposable Groups 

In this section we consider non-abelian transposable groups. Since such groups 
are nilpotent, and transposabihty is determined by direct factors, we only consider 
directly indecomposable p-groups. 

We first give a method of constructing transposable groups by combining trans- 
posable groups. This method yields abelian groups when combining abelian groups, 
but allows us to turn a nonabelian transposable group into a family of such groups. 
This allows us to concentrate on certain basic families of groups which we call stem 
groups, mimicking the terminology of isoclinism. When adding cyclic groups, our 
method is reminiscent of growing roots or branches onto a group so the terminology 
is fitting. 

After we discuss this construction we will give examples of all known stem groups. 
The stem groups are self-dual, but our construction allows us to create groups which 
are not. It is an interesting question whether there are any stem groups that are 
transposable but not self-dual. 

Proposition 5.1. Let G be a transposable group, x G Z{G) and X = {x) . Fur- 
thermore suppose that X fl G" = 1. Then G/X is transposable. 

Proof. By induction on |X| we can assume o(x) = p a prime. 

Take y e G\X arbitrary. Then {{yXf^ \ tX e G/X} = {y^X \ tX e 
G/X} has the same size as the conjugacy class of y E G. It applies equally to 
y,yx,yx'^, . . . ,yx^~^ . The character table of G/X is determined by taking the 
characters which contain x in their kernel and then deleting duplicate columns. 
That is, p — 1 columns are deleted for each one remaining. In particular the 
character values do not change. 

Let now A G Irr(G^) correspond to the class {x} of G. Hence, H = kerA has 
index p in G^. Since x ^ G', the kernel of A does not contain the center of G^. 
Thus, Zi^G^^) contains a full set of representatives of right-cosets of H. Therefore 
(pH is homogeneous for all (p G Irr(G). But H being of index p it means (pu is 
irreducible. (See for example |Isa76t 6.19].) Each such ipn is a restriction of p 
distinct irreducibles of G^ And now the character table of H is determined by 
restricting the rows to the classes of H and then deleting duplicate rows. That is, 
p — 1 rows are deleted for each one remaining. In particular the character values 
do not change and we obtain the transpose of that oi G/X. □ 

Corollary 5.2. If G is transposable and N <\G such that G = NZ{G), then N is 
transposable. 

By starting with two transposable groups Gi, we can create new (directly 
indecomposable) transposable groups as factors or subgroups of Gi x G2- If G2 
is abelian, then we can think of it as growing roots or branches. After growing 
such roots or branches, the commutator structure does not change, rather only 
the power map. All of the known examples can be constructed in this way from 
self-dual groups. 

In particular, starting with a transposable group G and g,h E G with = = 
1, g ^ G', h G Z{G) we can create a new group with a new power map of g^ = h 
and = 1. 

5.1. Stem Groups. Apart from abelian groups there are two families of finite 
transposable groups found in the literature, to which we add one more. 
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The first family, discussed in |Han97j . exists for p > 3 and has order p^. It has 
a presentation of the form 

G = (ai, a2, b, ci, C2 | [ai, 02] = b, [ai, b] = Ci,a^ = (i,b^ = = l) 

where Q is central. The values of Q leading to distinct groups is found in |Jam80j . 
but they are irrelevant for our purposes. In fact, by growing roots and branches 
appropriately, we can get them all from the case when Q = 1. 

It is clear from the presentation that Z{G) = {01,02) = and G' = {b, 01,02). 
Moreover, G/Z{G) is an extraspecial group of type +. The nilpotency class is 3, 
and derived length is 2. All normal subgroups of G are either contained in the 
center, or contain the commutator subgroup, which leads to the normal subgroup 
lattice in Figure [H The number of normal subgroups in the center is p + 1. 



G 




Z{G) 





Figure 1. Hanaki's Groups 



Figure 2. Class 5 Groups 



The second family appears to be unknown in the literature as being self-dual. 
It exists for p > 5 and has order p' . Its structure is similar to the previous family. 
For the cases with p < 11, these groups are included in the small groups database 
available in GAP |GAP08] . It has a presentation of 



G = (01,02,61,62,63 



where d is central. 
It is clear that Z{G) 



Cl, C2I [ai, 02] = 61, [ai, 6^=1,2] = 6j+i, [ai, 63 
[02,62] = [02,63] = [62,61] = 02, 

ar = o,&r = cr = i> 



Cl, 



(cj) = Zp and G' = {bi,Oi). The nilpotency class is 5, 
and the derived length is 2. Similar to before, G has coclass 2 and G/Z^{G) is 
extraspecial group of type +. Its normal subgroup lattice is also similar and given 
in Figure [21 
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The proof that this family of groups is transposable will appear in the Ph.D. dis- 
sertation of the first author. 

The final family of self-dual groups is a generalization of the Suzuki 2-groups 
A{n,9), and has been studied in several papers |Rie99| IHan96| |Sag03| . The non- 
trivial claims below are proven in one or more of those papers. 

Let q = p°' he a. prime power, s and / be positive integers and let 6' be a generator 
of the Galois group of Fgs over F^. Furthermore, assume that s is odd and (s, /!) = 
(s, q) = (s, g — 1) = 1. Then we can define a group, G = G{q, s, I), whose elements 
are Z-tuples a = (ai, . . . , a/) of elements of Fgs and multiplication c = ah given by 

i-l 

Ci = ai + ^af_jbj + hi. 

i=i 

This can be thought of as multiplication of skew polynomials of the form 1 + 
Yl\=i'^i^^ modulo the ideal (x^"*"^), see |Rie99j . It is also equivalent to 

\ 



a = [ai, a2,...,ai 



with the regular matrix multiplication. 

The lower and upper central series of such a group G coincide and each central 
series factor is isomorphic to the additive group of F^s i.e., elementary abelian of 
order q^. In fact, the central series is described in terms of "layers" in the matrix 
or fixed powers of x. The nilpotency class of G is /, and its derived length is 
riog2(/ + 1)1 . Clearly s, l)/Z{G{q, s, I)) = G{q, s,l-l). 



(1 






ai 


1 




a2 


a? 


1 






as 




af 












^1-2 



The group G has q — 1) (or q'^ if / 



irreducible characters of degree 



g('-«)('5-i)/2 g^j-^^ |^]-^g same number of conjugacy classes of size 

Not all such groups are self-dual, however, li I > p then s, I) is not self- 

dual, but when / = s — 1 < p it is [HU97 j. It is unknown whether G{p°',s,l) is 
self-dual for all / < p, but at least G{p,3, 2) is self-dual for all p, so it is reasonable 
to conjecture that they are. 
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